Chern insulator ferromagnets are characterized by a quantized anomalous Hall effect, and have so far been identified experimentally in magnetically-doped topological insulator (MTI) thin films and in bilayer graphene moiré superlattices. We classify Chern insulator ferromagnets as either spin or orbital, depending on whether the orbital magnetization results from spontaneous spin-polarization combined with spin-orbit interactions, as in the MTI case, or directly from spontaneous orbital currents, as in the moiré superlattice case. We argue that in a given magnetic state, characterized for example by the sign of the anomalous Hall effect, the magnetization of an orbital Chern insulator will often have opposite signs for weak n and weak p electrostatic or chemical doping. This property enables pure electrical switching of a magnetic state in the presence of a fixed magnetic field.
Introduction-A ferromagnet may be defined as an equilibrium state of matter in which time-reversal-symmetry is broken without lowering translational symmetries. Ferromagnets generically have both non-zero spin magnetization and non-zero orbital magnetization. In almost all ferromagnets, the microscopic mechanism responsible for order is spontaneous spin-alignment driven by exchange interactions, which breaks spin-rotational invariance and leads to a non-zero spatially averaged spin moment density. Spin-orbit interactions then play a weak role by inducing a small parasitic contribution to magnetization from orbital currents and a related non-zero (anomalous) Hall conductivity. This Letter is motivated by recent experiments [1] [2] [3] [4] that have established the quantized anomalous Hall effect (QAHE) in two quite different classes of two-dimensional ferromagnets. The QAHE signals [5, 6] the formation of a ferromagnetic state, often referred to as a Chern insulator, with occupied quasiparticle bands whose topological Chern numbers [7] summed to a non-zero value. We find that when ferromagnetism results from spontaneous orbital moments (not spin moments), as in the QAHE states recently discovered [2] [3] [4] in magic angle twisted bilayer graphene (MATBG), the magnetizations of weakly n-doped and weakly p-doped insualtors can differ in sign in the same magnetic state, characterized for example by a given sign of the anomalous Hall conductivity. This property could enable magnetic state reversal in the presence of a magnetic field to be achieved purely electrically.
The mechanism that allows the magnetizations of weakly n-doped and weakly p-doped Chern insulators to differ drastically is closely related to the quantum Hall effect itself. Because of the presence of protected edge states, the orbital magnetization M of a Chern insulator changes [8] with chemical potential µ even when µ is inside the bulk energy gap:
where C, the Chern index sum, is an integer equal to the Hall conductance in e 2 /h units, and A is the area of the 2D sample. Eq. (1) emphasizes that the quantized Hall conductance can be simply understood [8] in terms of chiral edge states that are occupied to different chemical potential values along different portions of the sample boundary. It follows from Eq. (1) that the bulk magnetization jumps by
when the chemical potential jumps across the gap of a Chern insulator. Note that the jump in the magnetization per unit area depends only on the value of the energy gap and on fundamental constants. We show below that in orbital Chern insulator ferromagnets this jump is frequently sufficient to change the sign of magnetization in a given magnetic state by changing the sign of its doping. Spin Chern Insulators-In magnetically doped topological insulator thin films, time-reversal symmetry is broken by introducing local moments that order ferromagnetically. Spin-orbit coupling then leads to an anomalous Hall effect that is quantized, and to orbital ferromagnetism. To compare the orbital magnetization jump with the magnitude of the spin-magnetization, we express it in units of Bohr magnetons (µ B = e /2mc) per surface unit cell:
where A uc is the area of the surface unit cell. In magnetically doped topological insulators, spin magnetization in Bohr magnetons per surface unit cell is typically ∼ 1, because the fraction of sites with magnetic atoms is ∼ 0.1 and the number of magnetically doped layers is ∼ 10. Note that the spin magnetization does not depend on the position of the chemical potential within the gap. We see from Eq. (3) that the jump in the orbital magnetization across the gap is small by comparison with the spin magnetization since the surface state energy gap E gap , although not known accurately, is certainly small compared to the 2 /mA uc , which depends only on fundamental constants and the surface unit cell area and has a typical value in the 1 − 10 eV range. For magnetically doped topological insulators, and other spin Chern insulators, the unusual jump in the magnetization across the insulator's gap is small in a relative sense and unlikely to have a qualitative influence on magnetic properties. Orbital Chern Insulators-The Hall conductivity of a Chern insulator ferromagnet is quantized when the chemical potential lies in the gap or when carriers introduced by chemical arXiv:2001.05084v1 [cond-mat.str-el] 14 Jan 2020 or electrostatic doping are localized. It is convenient to use the sign of the Hall conductivity to distinguish a magnetic state from its time-reversed counterpart. We will refer to the state with positive quantized Hall conductivity Ce 2 /h as the + state and to the state with negative quantized Hall conductivity −Ce 2 /h as the − state. Although their variations with chemical potential are very distinct, as we emphasize below, both the Hall conductivity σ ± H (µ) and orbital magnetization M ± (µ) are orbital fingerprints of broken time reversal and at any doping level have opposite signs in time-reversal partner states:
The time-reversal symmetry breaking mechanism active in the orbital Chern insulators recently discovered in MATBG devices is almost certainly condensation in momentum space, a concept discussed some time ago by Heisenberg and London [9] and recently proposed [10] as a possible symmetry breaking mechanism in metallic gated bilayer graphene. Momentum space condensation is driven by the property that interaction energies in systems with long-range Coulomb interactions can be lowered by occupying states that are more compactly distributed in momentum space than the occupied states of non-interacting bands. Just as exchange interactions in itinerant electron systems occur only between like spins, exchange interactions between states with nearby momenta are stronger than those between states far apart in momentum space. In materials, like graphene, with low energy states located near two widely separated valley centers, momentum space condensation translates to spontaenous valley population polarization. When combined with the intrinsically topological character [11] [12] [13] of the valley-projected bands in these materials, valley polarization yields an AHE that is quantized in insulating states. The recently discovered graphene multilayer QAHE states [2] [3] [4] provide, as far as we are aware, the only demonstrated example of this mechanism at work. In order to estimate the orbital magnetization of these states we apply the convenient envelope function description [14] in which the moiré superlattices is described by a valley-projected periodic Hamiltonian that accounts for position-dependent stacking. We focus below on the case of twisted bilayer graphene (TBG) sandwiched by aligned hexagonal Boron Nitride (hBN) layers.
Orbital Magnetization of MATBG on Hexagonal Boron Nitride-The contribution to the orbital magnetization of 2D Bloch electrons from a single band is [7, 15, 16] 
M n (k, µ) = e Im n n n|∂ x H|n n |∂ y H|n
where n is a band index, µ is the chemical potential, f (µ − ε n (k)) is Fermi-Dirac distribution and ∂ j H = ∂H/∂k j is the velocity operator. In Eq. (5) |n is a Bloch state whose wave vector dependence is left implicit. We separate the orbital magnetization in Eq. (5) into two parts, M n (µ) = M n 1 (µ) + M n 2 (µ), where M n 2 (µ) selects the contribution that is explicitly proportional to µ. When the band is full
includes the edge state contribution and is proportional to µ with proportionality constant C n e/(2π ) , where C n is Chern number of band n.
We now apply these expressions to TBG encapsulated between hBN layers whose influence on the low-energy graphene Hamiltonian is captured [17] [18] [19] [20] [21] in part by a mass m term representing the spatially averaged difference between carbon π-orbital energies on different honeycomb sublattices. The valley-projected twisted graphene bilayer Hamiltonian
the massive Dirac Hamiltonian of layer l, σ acts on the sublattice degrees of freedom, and T(r) is the periodic interlayer tunneling Hamiltonian [14] . The conclusions we reach below rest in part on a particle-hole symmetry property of this Hamiltonian, discussed at greater length in supplemental material S1.
In Eqs. (8, 9) , τ acts on the layer degree of freedom
where a M is moiré lattice constant. Symmetry (8) states that up to a translation and a change in the sign of the interlayer tunneling term, sublattice exchange combined with reflection by the y-axis simply changes the sign of the Hamiltonian. Eq. (8) becomes exact in the limit of small twist angles and is accurate in MATBG. Eq. (9) is satisfied only when the masses of two graphene layers are identical m 1 = m 2 . In momentum space, the Hamiltonian satisfies
Given Eq. (10), as detailed in supplementary material, it can be shown that the contribution to the orbital magnetization from a valley vanishes when the chemical potential lies in the middle of the gap between its conduction and valence bands. For graphene on hBN m decreases with relative twist angle, has been estimated using DFT [19, 20] to be ∼ 3.62 meV for perfect alignment, and can be substantially enhanced by interaction effects absent in DFT. The experimental m for nearly aligned graphene on hBN is ∼ 10 − 15 meV [22, 23] . Figure 1 illustrates the K valley low energy moiré band dispersions and Chern numbers of 1.1 • -TBG for different mass choices: The moiré bands were calculated using a low-energy continuum model [14] with interlayer tunneling strength w AB = 110 meV and w AA /w AB = 0.85 to account for corrugation and strain.
(a) m 1 = m 2 = 10 meV, (b) m 1 = 10, m 2 = 0 meV and (c) m 1 = −m 2 = −10 meV. The choice m 1 = m 2 = ±10 meV corresponds to the case in which both graphene layers are aligned and have equivalent stacking orientation with respect to hBN, while m 1 = −m 2 = ±10 meV corresponds to the case in which both graphene layers are aligned but have the opposite stacking orientations with respect to hBN. The choice m l = 0 corresponds to layer l having a large misaligment relative to hBN so that strain enhancement is absent. We find that gaps (E 0 g ) appear at charge neutrality, that the bands are relatively flat for twists near the magic angle, and that they have non-zero Chern numbers when both layers have the same alignment or only one layer is aligned. The case of opposite masses always produces trivial bands ( Fig. 1(c) ). In all three cases sublattice-symmetry breaking gaps the Dirac points at the moiré Brillouin zone (MBZ) corners that otherwise link the conduction and valence bands. For convenience we focus below on the case of Fig. 1(a) .
Spin and Valley-When the spin/valley degeneracy of the moiré flat bands is maintained ( Fig. 2(a) ), gaps appear only when the number of electrons per moiré flat band is a multiple of four. In mean field theory gaps at odd integer numbers of electrons per period can be achieved only if the quasiparticle bands are modified by both spontaneous spin-splitting ∆ s and spontaneous valley splitting ∆ v (( Fig. 2(b) ). For three electrons per moiré period, the density at which the QAHE has been observed, all the majority spin's flat bands are occupied and the magnetization contributions from its two valleys cancel. In order to have a gap at three electrons per moiré period, both ∆ v and ∆ s must be larger than the flat conduction band width w, a condition that is easily achievable near magic angle orientations because w is extremely small. For large enough spin splitting, ∆ s > w + E 0 g , we can consider only the four minority spin bands illustrated schematically in Fig. 2(c-d) . E 0 g is the band gap at charge neutrality for a valley projected Hamiltonian. The highest energy flat band is then the conduction band of the minority valley and the second highest band, which is 
not fully occupied when the insulator is hole doped, can either be the conduction band of the majority valley ( Fig. 2(c) ) or the valence band of the minority valley ( Fig. 2(d) ). For moderate spin splitting ( Fig. 2 (e-f)), w < ∆ s < w + E 0 g , the majority spins can play a role when the insulator is hole doped. The second highest band is either the conduction band of the minority spin majority valley ( Fig. 2(e) ) or the conduction band of the minority valley with majority spin (Fig. 2(f) ).
Given ∆ s and ∆ v and a total moiré filling factor, the total orbital magnetization is calculated by summing Eq. (5) over spin/valley flavors. Figure 3 (a) plots the single-flavor contribution (solid line) from valleys K and K at twist angle 1.1 • as a function of chemical potential µ measured relative to the midpoint between its shifted conduction and valence bands. As explained previously the magnetization contribution from each valley vanishes at mid-gap and varies linearly within the gap. Because valleys K and K are time-reversed counterparts, their magnetization contributions are opposite in sign. The dotted and dash-dotted lines in Fig. 3 (a) separate the M 1 and M 2 contributions defined in Eq. (6) and (7) . The chemical potential µ range plotted in Fig. 3(a) covers from the flat valence band bottom to the flat conduction band top [24] . Figure 3 (b) plots the total magnetization from two minority spin valleys that are split by ∆ v = 19.5 meV, larger than the bandwidth but smaller than the sum of bandwidth and the band gap, corresponding to the situation illustrated in Fig. 2(c) . Note that in this case the total magnetization's sign does switch when µ crosses the gap highlighted by grey stripes in Fig. 3 . Assuming that the broken time-reversal state at 3/4 filling of the conduction bands has unpolarized valleys for majority spins and valley polarization for minority spins, the magnetization for weak n-doping of the insulator is Fig. 3(a) . Here c specifies the flat conduction band and b and t specify whether the chemical potential is placed at the bottom or top band extremum. The magnetization changes sign across the gap whenever |∆M | in Eq. the same sign as the Chern number of occupied bands. Necessary conditions for a difference between in sign between the magnetization at weak n and p doping are discussed in more detail in supplementary material S2. In Fig. 4 Figures 4(c-d) illustrate the effect of gate voltage by setting the interlayer on-site energy difference to ∆V = V 1 − V 2 = 100 meV. We see that large gate voltage distort the flat bands, making the bandwidth larger and band the gap smaller, thereby suppressing magnetization sign-switching effect as shown in Fig. 4(c-d) . (The influence of large gate voltages on the single-valley magnetization is illustrated as a function of twist angle and band filling factor in Fig. 7 of the supplementary material. Gate fields reduce M K c,b , as in Fig. 7(b) , and therefore |M K c,t − M K c,b |.) Discussion-Chern insulators are two-dimensional electron systems with charge gaps and quantized anomalous Hall effects (QAHE), and have now been realized experimentally by two distinct mechanisms. In magnetized topological insulators [1, [25] [26] [27] [28] [29] [30] , the QAHE is driven by the exchange interactions between spin-local-moments that order ferromagnetically and two Dirac-cones localized on opposite surfaces of a topological insulator thin film. In bilayer graphene, on the other hand, the QAHE is driven by broken sublattice symmetry, which gaps Dirac cones and induces Berry curvatures of opposite signs near time-reveral-partner valleys, combined with time-reversal symmetry breaking via condensation of electrons into one of the two valleys. Both of these mechanisms differ from the one identified in the original theoretical work, of Haldane [6] in which the QAHE is driven by time-reversal symmetry that leads to Berry curvatures of the same sign near meV which is larger than the sum of flat band bandwidth w and the band gap E 0 g , corresponding to cases in Fig. 2(c-d) . (b) ∆ s = 16 meV which is larger than flat band bandwidth but smaller than w + E 0 g , corresponding to cases in Fig. 2(e-f) . (c-d) Same parameters as (a-b) but with gate field that on-site energy difference between two graphene layers is ∆V = 100 meV. opposite valleys.
as seen in
In twisted graphene bilayers sublattice polarization can be enforced by alignment with a hBN layer, and spontaneous valley polarization is energetically preferred when the moiré bands are narrowed by tuning the orientation close to the magic twist angle. Because the time-reversal symmetry breaking mechanism is orbital, the spontaneous magnetization associated with the MATBG QAHE state is dominantly orbital. We have shown in this paper that this unusual circumstance changes the considerations[31] that normally limit our ability to control magnetic states electrically. The most extreme example of the strong electrical effects that are possible in orbital Chern insulators is a consequence of the jump in magnetization between weak n-doping and weak p-doping produced by gap edge states. We have shown in this paper that the sign of magnetization, and therfore the thermodynamically preferred sense of time-reversal-breaking in a weak magnetic field as characterized for example by valley polarization or anomalous Hall effect sign, can be changed by electrostatic doping. This property could be of technological value if other example of orbital Chern insulators, which have higher transition temperatures, are discovered in the future.
SUPPLEMENTAL MATERIAL: THE CURIOUS MAGNETIC PROPERTIES OF ORBITAL CHERN INSULATORS

S1. SYMMETRY ANALYSIS
Below we prove that the moiré Hamiltonian H (r) of TBG on hBN substrates has the following symmetry properties:
.
The first of these properties applies only in the limit of small twist angles and the second only if the Dirac masse m 1 and m 2 in the two layers are identical. The Pauli matrices σ and τ act on sublattice and layer degrees of freedom respectively. The moiré Hamiltonian
T(r) is the interlayer tunneling matices and superscripts (1) and (2) denote graphene layers. h 0 (r) is the massive Dirac Hamiltonian
and we have
For the interlayer tunneling term,
where q 1 = (0, −1), q 2 = ( √ 3/2, 1/2), q 3 = (− √ 3/2, 1/2) (in units of 4π/3a M ) are three momentum boosts. a M is the moiré lattice constant. w 0 = 110 meV is the tunneling strength, and
with φ = 2π/3. Substituting q j and T j in Eq. (17),
and we get
In other words sublattice-exchange of the tunneling Hamiltonian is equivalent to reflection by the y-axis combined with a translation. Combining Eq. (16) and (21), we obtain
Similarly,
T † (x, y) = e iq 1 ·r T 1 + e iq 2 ·r e −iφ T 2 + e iq 3 ·r e iφ T 3 (23)
T † (x, y) = T * (−x + d, y) 
Applying Bloch's theorem to Eq. (12, 13) , we see that H(k) satisfies
As a result of Eq. (27) , the eigenvalues and eigenvectors satisfy ε
Here i = 1, 2, ... labels the i-th conduction (c i ) or valence (v i ) band counting from charge neutrality. For Eq.
where n label bands. Now let us define the orbital magnetization contribution due to mixing between bands n and n :
When the chemical potential at neutrality is in the middle of the gap, and the Hamiltonian has been truncated to a finite number (2N) of bands via a plane-wave expansion cut-off, the total orbital magnetization is
The first term in the last expression of Eq.
It follows that the total magnetization at mid-gap vanishes.
S2. ELECTRICAL REVERSAL OF MAGNETIZATION SIGN AT 1/4 AND 3/4 FILLING
Here we elaborate on how the orbital magnetization changes as the chemical potential or filling is tuned across the band gap. As shown in Fig. 5 , when the filling is just above 3/4, that is when the chemical potential is at µ 1 , the orbital magnetization is
When the filling is just below 3/4, that is at µ = µ 2 , the only change in orbital magnetization is δM across the band gap ∆ 3/4 g :
where ∆ 3/4 g is the size of band gap at n/n s = 3/4 and C is the total Chern number of occupied bands. C = −1 in the example shown in Fig. 5 in which valley K energy bands are lower than valley K . (For the opposite sense of sublattice polarization, that is opposite sign in mass terms, the sense of the relationship between Chern number and valley is reversed.) If M K c,t − M K c,b < 0, as we argued in the main text, and the band gap ∆ 3/4 g is large enough, M reverses the sign as the chemical potential is tuned from µ 2 to µ 1 . The measured activation gap at n/n s = 3/4 is ∼ 2 meV [4] , corresponding to δM = M(µ 2 ) − M(µ 1 ) ≈ 0.3e/ . In our calculations, M K c,t − M K c,b ∼ −0.1e/ for MATBG with broken sublattice symmetry. As shown in Fig. 6 , M K c,b − M K c,t is typically larger for larger band gap at charge neutrality and smaller twist angle.
At 1/4 filling, the analysis is complicated because the magnetization switching property is dependent on how strongly the valleys split, how large the conduction-valence splitting is, and how flat the bands are. Fig. 5 illustrates four different valley and spin splitting cases. For large conduction-valence band gaps and small spin splitting, corresponding to Fig. 5(a) , the magnetization at µ = µ 3 is 
v↓ v↓
FIG. 5. Four cases of conduction-valence band splitting E 0 g and spin splitting ∆ s which realize different situations at 1/4 filling. Typically the magnetization will reverse its sign for case (b).
Whether the orbiatl magnetization can be reversed or not at n/n s = 1/4 depends on M K c,t − M K c,b , valley splitting ∆ v and the activation gap ∆ 1/4 g . Since ∆ v /2π is typically larger than |M K c,t − M K c,b |, magnetization sign reversal across the gap may be uncommon at n/n s = 1/4. For large band gaps and large spin splitting, corresponding to Fig. 5(b) , all majority spin bands are occupied, thus only minority spin bands need to be considered. The situation at 1/4 filling is similar to that of 3/4 filling.
For small band gap and small spin splitting, corresponding to Fig. 5(c) , the magnetization at µ 3 is Since 3M K c,t − M K c,b is typically positive, it is uncommon to reverse the magnetization across the gap at the quarter filling. The only possible case corresponds to Fig. 5(b) .
Our single-particle model is identically applicable to the negative filling side. Nevertheless, absence of observing the anomalous Hall effect on the hole side is still an open question and is out of the scope of this paper. With gate field such that the interlayer on-site energy difference is ∆V = 100 meV. Note that gate fields end to suppress the difference |M K c,t − M K c,b |, especially for small twist angles.
